There are billiard tables of constant width, for which the billiard map has invariant curves in the phase space which belong to continuous but nowhere di erentiable caustics. We apply this to construct ruled surfaces which have a nowhere di erentiable lines of striction. We use it also to get Riemannian metrics on the sphere such that the caustic belonging at least one point on the sphere is nowhere di erentiable. For three dimensional billiards, we nd three dimensional billiard surfaces with nonconvex rough caustics.
Convex billiards
Describing the long time behavior of a path of a light ray or billiard ball in a convex domain is an interesting mathematical problem. Good starting points in the literature are 21, 31, 6, 33, 27 ]. In the case, when the domain is a strictly convex planar region, the return map to the boundary T de nes an area preserving map of the annulus A = T 0; 1], where the circle T parametrizes the table with arc length s: the impact point s at the boundary T and the angle of impact de ne the next impact point s 1 with angle 1 . The map is given by : (s; cos( )) 7 ! (s 1 ; cos( 1 ). Noncontractible invariant curves ? in A can de ne caustics in the interior of the table T. These are curves with the property that a ball, once tangent to stays tangent. The precise relation between the invariant curve ? and the caustic is discussed in the next section. Invariant curves ? of are interesting for the dynamics because they divide the phase space A into invariant regions and prevent so ergodicity. They occur often because near the boundary of a strictly convex C 6 table, there are invariant curves belonging to convex caustics. They de ne "whisper galeries" (see 9]). Smoothness is crucial because a Baire generic convex billiard has no invariant curves 12] . A criterion of Mather 23] for the nonexistence of invariant curves is that the table T has somewhere a vanishing curvature. If the curvature of the table is unbounded at some point, then there are no invariant curves in a neighborhood of the boundary of A 20] . We deal here with a class of billiard tables of constant width. In this case, invariant curves ? exist a priori. We are interested in the regularity of the corresponding caustics . Part of the literature about caustics in billiards deals with convex caustics (e.g. 32, 1, 16] ). Nonconvex caustics were drawn in 9] and further discussed in 15]. The aim of our article is to point out that there are caustics, which are nowhere di erentiable and to illustrate the story with some pictures. Furthermore, we want to show the relation of billiard caustics with caustics in di erential geometry. There, a caustics to a surface F in a manifold M is the place, where wave fronts radiating away from F stop being immersed manifolds. A caustic to a point P 2 M is the caustic of a su ciently small geodesic ball around P. The geometry of such caustics in four dimensional space-time manifolds has astrophysical relevance because an astronomer sees a distorted picture of an object sitting in a point P for which the earth is located in the caustic 26, 17] . When is there a relation between billiard caustics and di erential geometrical caustics? In the special situations considered here, the table can be embedded into a Riemannian sphere M such that the boundary T of the table is a wave front of a point P 2 M. The caustic of P in the sphere is then the caustics of the billiard table. An other relation with di erential geometry of surfaces is that on can de ne a two dimensional ruled surface from a billiard by considering the orbits in "space time". The line of friction of these surfaces project down to the caustic. We nally discuss caustics of three dimensional billiards in regions of equal thickness. Because in higher dimensions, only ellipsoids have convex caustics 5, 13], caustics of higher dimensional billiards must be nonconvex. They can additionally be quite rough. (1), (2), we get 0 ( ) = 0 ( )ie i . This shows that has the same critical points as . We see explicitely the fact that the vertices of T correspond to cusps of . The caustics in Figures 5),6) were drawn with Mathematica 35] using trigonometric polynomials ( ). While the functions were real analytic, the image of has in general singularities. Indeed, according to a result of Tabachnikov (see 30, 2] ), the function 0 has at least N zeros, if it is a trigonometric polynomial of degree N. If the zeros are simple, the curve has at least N cusps counted with multiplicity. For the caustics belonging to the equator, the map is 2 to 1. Therefore, if T has N nondegenerate vertices, then a caustic belonging to the equator has N=2] cusps. 
Remarks.
1) The fact that we could have di erentiability at some nite set of points is due to the symmetry of the curves. This symmetry is broken, if the a k are no more real. We have no doubt that one could construct examples, where one has nowhere di erentiability without exceptions.
2) Because by a theorem of Banach, nowhere di erentiable functions are Baire generic among continuous functions 25], we expect also that a "general" curve of equal thickness produces nowhere di erentiable caustics.
3) Because every convex not too long curve can be extended to a curve of equal thickness, there are many tables for which the caustic is in some interval nowhere di erentiable.
5 Nowhere di erentiable lines of striction of ruled surfaces We should mention, how one constructs the line of striction of a (not necessarily smooth) one parameter family of curves (t); t 2 0; 1]: consider for n 2 N the curves (k=n); k = 1; : : : ; n. Determine for each k the point on the curve (k=n) which is nearest to ((k + 1)=n). Connecting these n ? 1 points gives a polygon. Any accumulation point in C( 0; 1]; R 3 ) of such curves de nes a generalized line of striction. The line of striction of the ruled surface constructed from the table with a caustic projects along the z direction (see Figure 7a) to the caustic. However, unlike the caustic itself, the line of striction does not need to have self intersections. The example in Figure 7a ) illustrates this. Figure 8 ). The ruled surface obtain from T given by ( ) = a 0 + cos(3 ), where ? is the equator. The projection of the line of striction is the caustic seen in Figure 5a ). In the drawing to the right, the surface has been drawn only until the line of striction.
Corollary 5.1 There exist di erentiable ruled surfaces in R 3 , whose line of striction is a curve which has all coordinate functions nowhere di erentiable (except maybe at four points).
Proof. Take a nowhere di erentiable caustic as constructed above. The two rst coordinates of the line of striction are the two coordinates of the caustics and so nowhere di erentiable functions. Because the third coordinate of the line of striction is ( ), which is a nowhere di erentiable Weierstrass function, all coordinate functions are nowhere di erentiable. 2 6 Nowhere di erentiable caustics on compact manifolds
The caustic of a point on a Riemannian manifold is the set of intersection points of in nitesimally closed geodesics at this point. A motivating picture for studiing billiards is that the billiard ow can be considered as a limiting case of the geodesic ow 3]. One can now ask, whether caustics of billiards can be related to caustics of a family of geodesics starting at a point in a two dimensional Riemannian manifold M. Here, in the case of billiards in tables of equal thickness, an orbit tangent to the caustic can actually be related to an orbit of a geodesic ow on a sphere. It gives so manifolds, where the caustics of all orders of some point are known.
Corollary 6.1 There exist metrics g on the two sphere S 2 and a point P 2 S 2 such that the caustic of this point has nowhere di erentiable coordinate functions (except maybe at four points). The metric can have the same smoothness as the table T. Proof. Take the north hemi-sphere with the usual metric and let P be the North pole. A geodesic trajectory starting at P hits the equator at a right angle. Deform the south-turning-circle below the equator into a curve T of equal thickness and ll the south cap with a at metric. Put on the remaining annulus smooth coordinates ( ; u) 2 T 0; 1] such that fu = 0g is the equator and fu = 1g = T. By taking a metric in this ring for which the coordinates are at, a geodesic ow entering orthogonally the annulus at the equator leaves the annulus orthogonally to T and returns to P after having been tangent to the caustics . 2 9 Figure 9 ). Geodesics starting on the north pole P of a deformed sphere M with a Riemannian metric g. The caustic of P on M is a caustic of a table T of equal thickness. Every geodesic starting in P is closed. All such geodesics have equal length. (This is a special case of a more general fact for closed geodesics through a point on a two dimensional surface 11]).
Are there examples of fractal caustics?
We have seen that the coordinate functions of caustics can be "rough". Can the image of become "fractal"? More precicely: do there exist convex tables T such that the image of has Hausdor dimension for some > 1? Corresponding questions for graphs of real functions can be di cult and often, one is only able to estimate the box-counting dimension as it is in the case of the Weierstrass function 10].
We could try to nd the distortion of the map from the graph G = f( ; ( ))g R When plotting caustics using larger and larger frequencies in , the curves gets usually more and more cusps (see Figure 11 a). The pictures let expect that the box-counting dimension or even the Hausdor dimension can be bigger than 1 for some caustics but we do not know. which is homeomorphic to the sphere. The return map to the boundary de nes a map on a four dimensional manifold R R. This map leaves invariant a smooth measure. Generalising results from two to three dimensions are not straightforward. For example, a result of Wojtkowsky 34] shows that putting convex pieces of the boundary su ciently far apart does not necessarily render the periodic orbits unstable as it does for two dimensional billiards. An other result is the nonexistence of convex caustics 13] which has the consequence that higher dimensional "whisper galeries" are not possible. We consider here caustics of three dimensional billiards. The title of our section certainly clashes with the title "only ellipsoids have caustics" in 13]! The reason is that the term caustic is often used for "convex caustic". That higher dimensional billiards can have nonconvex caustics is quite easy to see, even so we did not nd this observation mentioned in the literature.
Lemma 8.1 a) Take a curve T of equal thickness in the x ? z plane in R 3 . Assume that T is re ection symmetric with respect to the z-axes L. If we rotate T around L, we get a surface R of revolution which has the property of being a surface of equal thickness. b) A billiard trajectory orthogonal to one point P of R intersects the surface R a second time orthogonally. It corresponds to a 2-periodic orbit of the return map .
Proof. a) For any direction given by a line K through the origin, the thickness of the region in that direction is the thickness of a curve T which lies in a plane containing K. (If we place the region between two parallel planes, then the two points, which touch the planes belong to one of the rotated curves of equal thickness). b) Consider now a line K orthogonal to the surface R in a point P. There is a plane through this line which intersects R in a curve T of equal thickness. The line K intersects this curve T orthogonally in a point P 1 . Because R is symmetric with respect to the re ections in , the line K intersects also R orthogonally in P 1 and not only the curve T. 2
Remark. We did not nd mentioned nor drawn rotational symmetric surfaces of equal thickness in the litarature nor seen billiards inside them. Surfaces of equal thickness were drawn in 18] but they do not seem to be surfaces of revolution. For more information about regions of equal thickness, see 8].
By symmetry, it is clear that a two dimensional caustic of a three dimensional billiard is obtained by rotating the caustic of T around L. Figure 12a) . A surface of equal thickness in space can be obtained by rotating a curve T of equal thickness around a symmetry axes L. Figure 12b ). The caustic to the surface of equal thickness is obtained by rotating the caustic of T around the symmetry axes L. What does the existence of caustic say about the billiard dynamics? For two dimensional billiards, invariant curves prevented ergodicity. Here, the symmetry of the surface of revolution leads to a billiard map which has a Noether integral. This "angular momentum integral" exists in a similar way as the Clairaut integral exists for the geodesic ow on surfaces of revolution.
One can now ask about the dynamical properties of on a three dimensional leaf I = const. First of all, for each angular momentum, there are trajectories which lie in the plane orthogonal to L. They have as an intersection with R a circle of maximal radius. Depending on the angular momentum, such an orbit is periodic or quasiperiodic.
Consider now the situation, when the angular momentum is zero. An orbit moves in a plane through the rotation axis L. We observe that the three dimensional zero angular momentum leaf is foliated by two dimensional invariant manifolds on which the dynamics is the two dimensional billiard map (see Figure 13 ). Figure 13 ). Trajectories with zero angular momentum in a three dimensional billiard of equal thickness move in two dimensional planes where they are obtained by iterating the two dimensional billiard map.
The fact that we can nd the two dimensional billiard inside the three dimensional billiard has the consequence that we know the existence of many periodic orbits, more than have to be expected in general: a theorem of Babenko 4] assures only the existence of at least n geometrically distinct periodic orbits. Also, by the variational theorem in ergodic theory (see e.g. 21]), the topological entropy of the three dimensional billiard map is bigger or equal to the topological entropy of the two dimensional billiard because every invariant measure of the two dimensional billiard gives rise to an invariant measure of the three dimensional one. The two dimensional invariant surfaces in the phase space A which come from trajectories tangent to the caustic are all contained in the zero angular momentum surface. Hence, they do not directly in uence the map on a leaf with positive angular momentum. Ergodicity is not a priori excluded on a three dimensional invariant leaf with nonzero angular momentum, even so one should expect nonergodicity because of quasiperiodic orbits on a set of positive measure. Figure 14a) . Playing billiards in a surface of equal thickness. We see anite piece of a trajectory in the surface of revolution determined by ( ) = 4 + cos(3 ). Figure 14b ). An nite piece of an other orbit with a bit larger angular momentum. in the same surface as in Figure 14a) . Figure 14c ). This piece of orbit seems to ly on a two dimensional torus in the three dimensional leaf of constant angular momentum. Figure 14d) . A piece of an orbit with relatively small angular momementum.
It would be interesting to know more about the dynamics of on a nonzero angular momentum leaf. Unless the table is a sphere, trajectories do not all ly in planes 28]. The reader might want to discover, which parts of the discussed relations of caustics with di erential geometrical caustics can be generalized to three (or higher dimensional) billiards in (hyper) regions in R n of equal thickness. Figure 15 ). The standard Legendre collapse of a wave front moving from a surface of revolution of equal thickness. Two dimensional sections of this collapse are shown in Figure 10a ). The surface turns inside out during this collapse as can be seen by the arrows which point inside the surface at the beginning and outside at the end Unlike in a famous movie, this "turning the sphere inside out" is not smooth: the smoothness gets lost at the points of the caustic.
Appendix: Is there a nonintegrable billiard with algebraic return map?
The numerical method, we used for computing orbits for the illustrations in Figure 2 ) and Figure 3 and . One has the problem to nd roots of a speci c class of octonic polynomials. More generally, one can ask, if there exists a table of equal thickness di erent from the circle, for which the return map is algebraic in some coordinates. We do not know of any smooth convex billiard table di erent from an ellipse, where the return map is an algebraic expression in some coordinates.
